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On the Mahler measure associated to Xi(13) 


Abstract. We show that the Mahler measure of a dehning equation of the modular curve 
Xi(13) is equal to the derivative at s = 0 of the L-function of a cusp form of weight 2 and 
level 13 with integral Fourier coefficients. The proof combines Deninger’s method, an explicit 
version of Beilinson’s theorem together with an idea of Merel to express the regulator integral 
as a linear combination of periods. Finally, we present further examples related to the modular 
curves of level 16, 18 and 25. 


The Mahler measure of a polynomial P e C[x*^,... ,x^^] is dehned by 


{27lip j\zi\=l J\z„\=l 


dzi dZn 

Zl Zn ' 


In a fascinating paper, Boyd [5] developed a body of conjectures relating Mahler measures 
of 2-variable polynomials and special values of L-functions of elliptic curves. Deninger m 
provided a bridge between the world of Mahler measures and certain iF-theoretic regulators. 
He thus showed the relevance of Beilinson’s conjectures to prove relations between Mahler 
measures and special values of L-functions. In the case of curves, such identities have been 
proven rigorously only in rare instances, mainly in the case of genus 0 and 1 ([T], |20] . |21j ...j. 
There has been some recent work, however, in the case of genus 2 (see [2j and the references 
therein). 

The aim of this paper is to achieve such a relation in the case of a curve of genus 2. We work 
with the modular curve Wi(13). Thanks to |14[ p. 56], a dehning equation of Xi(13) is 


P = y^x{x - 1) + y(-x^ + x"^ + 2x - 1) - x'^ + X. 


We prove the following theorem. 


Theorem 1. — We have the identity m(P) = 2L'(/, 0), where f is the cusp form of weight 2 
and level 13 whose Fourier expansion begins with 

f = 2q- - 2q^ + + 6g® - g® - 3g^° - 4g^^ - 5g^^ + 0(g^®). 

Note that the cusp form / is not a newform; rather, it is the trace of the unique (up to Galois 
conjugacy) newform of weight 2 on the group Fi(13). 

In the last section, we present further examples of relations between Mahler measures and 
L-values in the case of the modular curves Xi(16), Xi(18) and Xi(25). 

This article grew out of results in my PhD thesis (see especially [HI §3.8 and Remarque 112]). 
I would like to thank Odile Lecacheux for helpful exchanges having led to the discovery of these 
identities. I would also like to thank Wadim Zudilin for useful comments. 


1. Deninger’s method 

In this section we express the Mahler measure of P in terms of the integral of a differential 
1-form on the modular curve Xi(13), following Deninger’s method |11] . 

We view P as a polynomial in h\ 

P{H, h) = -H+ (-P2 + 2H + l)h +{H‘^ + H- l)h‘^ - Hh\ 

Note that the constant term of P is given by P*{H) = -H. 

Let Z c be the curve dehned by the equation P = 0. Then Z identihes with an affine 
open subscheme of Xi(13) by |14l p. 56]. In particular Z is smooth. 
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Looking at the resultant of the polynomials P{H, h) and with respect to h, it 

can be checked that P doesn’t vanish on the torus = {(II, h) e C : \H\ = \h\ = 1}. Moreover, we 
check numerically that for each H eT, there exists a unique h(H) e C such that P(II, h(H)) = 0 
and 0 < \h(H)\ < 1. The map H ^ h(H) defines a closed cycle jp in Hi(Z(C), Z). We call 
7 p the Deninger cycle associated to P. We give yp the canonical orientation coming from T. 

Since P* doesn’t vanish on T, the polynomial P satisfies the assumptions |lll 3.2], so that 
the discussion in loc. cit. applies. Consider the differential form rj = log|h|^ on Z(C). Using 
Jensen’s formula, and noting that m(P*) = 0, we have |lll (23)] 

m(P) = - f fj. 

^ ^ 27ri J^p ' 

Now we may express this as an integral of a closed differential form. By mi Prop. 3.3], we get 
m(P) = -^— [ log|iL| • (9 - 9) log|h| - log |h| • (9 - 9) log |iL|. 

27ii J'fp 

We now introduce a standard notation. 

Definition 2. — For any two meromorphic functions u,v on a Riemann surface, define 

rj(u,v) ■■= log |m| darg(n) - log |r;| darg(M). 

The 1-form ri(u,v) is well-defined outside the set of zeros and poles of u and v. It is closed, 
so we may integrate it over cycles. Moreover, we have darg(M) = -i(d-d) log|M|. Thus we have 
proved the following proposition. 

Proposition 3. — We have m(P) = ^ J^^r](h,H). 

Lemma 4- — Let c denote complex conjugation on Z(C). We have c^-yp = -yp. 

Proof. — For every Ff e T, we have h(H) = h(H). It follows that c.^yp = -yp. □ 


2. Determining Deninger’s cycle 

In this section, we determine yp explicitly in terms of modular symbols. 

The space S'2(Fi(13)) of cusp forms of weight 2 and level 13 has dimension 2 over C. Let 

27r2 

£ : (Z/13Z)^ be the unique Dirichlet character satisfying e(2) = (e := e~^. It is even and 

has order 6 . A basis of S'2(Fi(13)) is given by (/g, fi), where fs (resp. fi) is a newform having 
character e: (resp. e). The Fourier coefficients of fe and fi belong to the field Q(C 6 ) and are 
complex conjugate to each other. We define f = fe + fe- 

We denote by (d) the diamond automorphism of Wi(13) associated to d e (ZllSZYj ± 1. 

Let a = /Ji(Ai(13)(C), {cusps}, Z) be the homology group of Xi(13)(C) relative to the 
cusps. Let Ui 3 be the set of non-zero vectors of (Z/ldZ)^. For any x € U 13 , we let f(x) = 
gx°°}, where g^ e SL 2 (Z) is any matrix whose bottom line is congruent to x modulo 13. 
Using Manin’s algorithm nn and its implementation in Magma [3], we find that a Z-basis of 
H = /Fi(Xi(13)(C), Z) is given by 

72 = (2).7i = ^(2,3) - 5(4, -3) - {(2, -4) 

73 = 5(1.-3)-5(1,3) = {1 -i] 

74 = (2).7s=5(2,-6)-5(2,6). 
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Consider the pairing 


(v):Hx^2(ri(13))-C 


( 7 ,/) ^ J^2mf{z)dz. 

Definition 5. — Let 'H~ := {7 e "H : c >^7 = - 7 }. We define the map 

i-.n- 

7 ^ (7,/e)- 

Lemma 6. — The map t is injective. 


Proof. — If 6 ( 7 ) = 0 then ( 7 ,/r) = {c^lJe) = -{iJe) = 0. Tlrns 7 is orthogonal to S'2(ri(13)), 
which implies 7 = 0. □ 

Lemma 7. — The image of l is the hexagonal lattice generated by <.( 73 ) and = Cecils)- 

Proof. — The action of complex conjngation on TL is given by 

c47i) = 7i + 74 

C472) =72-73 + 74 
c.( 73 ) = -73 
0.(74) = -74. 

From these formnlas, it is clear that a Z-basis of TL" is given by ( 73 , 74 ). By Lemmawe have 
<.( 73 ) 7 0. Then 

r( 74 ) = (( 2 ). 73 , fs ) = (73, /e|( 2 )) = £( 2 )r( 73 ) = (0^73)- 


' 14 -5' 

-39 14, 


□ 

14+i 


e ri(13). Let ns choose Zq = 


anife) 


* —287rin 287rfn \ _ 27m 

e 39 - e 39 e 39 . 


n 


We have 73 = {1,-^} = { 1 , 5-1 ( 5 )} with 5-1 = 

Then 5-1 (.^o) = We have 

J rsi^o ^ 

27rifi(z)dz = ^ 

^0 n=l 

Using Magma, we get nnmerically 

( 73 ,/e) -- 1.06759 - 2.60094L 

Proposition 8. — Let ■jp e 'H~ be Deninger’s cycle. We have 7 p = 73 . 

Proof — A Q-basis of f2^(Xi(13)) is given by {oj,hu) where 

_ _ (h2 - h)H -h^ + h‘^ + 2h-l 
^ ~ h^ - 2h^ + 3h2 - 2h + 1 

Using Magma, we compnte the Fonrier expansion of u and hu at infinity, and dednce 

(1) 2mffiz)dz = au + (5huj 

with 

a ~ 0.71163 + 0.70256i (3 ~ 0.25262 - 0.96757L 

Note that a and f3 are algebraic nnmbers, bnt we won’t need an explicit formula for them. 
With Pari/GP [22], we find 


( 2 ) 


/■ 

JlP 


bj - -3.2173U 


/ 

“'7P 


hbj - -1.232757 
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From Q and (|^, it follows that 

(7p, fe) - 1-06759 - 2.60094* - ( 73 , /,). 

Since the image of t is a lattice by Lemmawe may ascertain that 7 p = 73 . 

We will also need to make explicit the action of the Atkin-Lehner involntion kFi 3 on 7 p. 
Proposition 9. — We have kFi 37 p = 74 “ 73 - 
Proof. — By [H Thm 2.1], we have kFi 3 /£ = w ■ fj with 
(3) w = ~ ^ r(£) ~ -0.96425 + 0.26501*. 


We dednce 

*(Wi37p) = (7p, IBis/e) = w(7p, fe) = w{c^'yp, fe) = -w(7p, fs) - 1.71869 + 2.22503*. 
Moreover, we have 


□ 


*•( 74 ) = Cecils) ~ 2.78628 - 0.37591* - t(fFi 37 p) + ^( 73 )- 
Using Lemma again, we conclnde that kFi 37 p = 74 “ 73 - 


□ 


3. Beilinson’s theorem 


We now recall the explicit version of Beilinson’s theorem on the modnlar cnrve Xi(A^) |S]. 
Let C(Xi(A^)) be the fnnction field of Xi(A^). The regulator map on Xi(A^) is defined by 

r^ : K^iCiX.iN))) - Homc(52(r4(iV)), C) 


{u,v} (/ ^ / ri{u,v)AujA 

\ JXi(N)(C) j 


/Xi(7V)(C) 

where Uf := 27iif{z)dz. After tensoring with C, we get a linear map 

r^ : K2{C{X,(N))) ® C -> Homc(52(ri(iV)), C). 

For any even non-trivial Dirichlet character y : (ZjNZ)^ C’', there exists a modnlar nnit 
€ 0''(Yi(A^)(C)) ® C satisfying 


1 


logK(^)l = - 

TT s^l 
Re(s)>l 


E' 


x{n) ■ Im(^)^ 


(zeS)), 


|Arm^ + **|2- 

where denotes that we omit the term {m,n) = (0,0) (see |51 Prop 5.3]). 


Remark 10. — We are working with the model of Xi{N) in which the 00 -cnsp is not defined 
over Q, bnt rather over Q(CAr)- Therefore, the modnlar nnit is not defined over Q bnt rather 
over Q(Cjv). 


Theorem 11. — [H Thm 1.1] Let f e S 2 {Tl{N),^p) be a newform of weight 2, level N and 
character fj. For any even primitive Dirichlet character y : {fZjNZ)^ , with x ^ 'f, we 

have 

(4) L(/,2)L(/,y,l) = (^v({%, u^x))^ f) 

where L{f,x,s) ■= En=i ®n(/)x(’^)’4"^ denotes the L-function of f twisted by y, r(y) := 
Z]ae(z/ 7 vz)x dcnotcs thc Gauss sum of x, (j){N) denotes Euler’s function. 

We will also need the following lemma. 
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Lemma 12. — Let c denote complex conjugation on Yi(N){C). For any even non-trivial 
Dirichlet characters XiX' ■ (Z/A^Z)^ we have Frjiu^^u^r) = -ri(uy.,u^r). 


Proof. — Recall that c is given by c{z) = -z on We have c*'log|M^| = log|M;;^|, and c* 
exchanges the holomorphic and anti-holomorphic parts of dlog|M^|. Since darg(M;;^) = -i{d- 
9)log|M^|, we get c*'darg(M^) = -darg(M^), and thus c*ri{u^,Uy(^r) = -rjiu^^u^i). □ 

Remark 13. — By [HI Prop. 5.4 and Prop. 6 . 1 ], we have e K 2 {Xi{N){C)) ® C. 

This implies that for 7 e Hi{Yi{N){C)^ Z), the integral 7 (mx, u^') depends only on the image 
of 7 in i/i(W(iV)(C),Z) (see for example the discussion in |121 §3]). Therefore, we have a 
well-dehned map 

It can be extended by linearity to iPi(Xi(A^)(C), C). 


Remark I 4 . — Since c*ri{u^,u^i) 
/yW(%,'«x') with 7 - = 1 ( 7 -c, 7 ). 


r]{u^,u^r) by Lemma 


12 


we 


have 


Lviux^Ux' 


) = 


4. Merel’s formula 

In this section, we express the regulator integral appearing in the right hand side of (|^ as 
a linear combination of periods. In order to do this, we use an idea of Merel to express the 
integral over Xi(N){C) as a linear combination of products of 1-dimensional integrals. 

Let > 1 be an integer. Let Ej^ be the set of vectors {u,v) e {ZlNZy such that (u, v, N) = 1. 
For any / e S' 2 (ri(-^)) and any x e Ejy, we dehne the Manin symbol 

1 rgx°o 

= = fiz)dz, 

Ztt J qxO 

where px e SL 2 (Z) is any matrix whose bottom row is congruent to x modulo N. 

Letp = ef andff-IC “q^). ^=(i ]) ' SL2(Z). 

The following theorem is a variant of a theorem of Merel which expresses the Petersson scalar 
product of two cusp forms / and g of weight 2 as a linear combination of products of Manin 
symbols of / and g da Theoreme 2]. 


Theorem 15. — Let f e S' 2 (Pi(A^)) be a cusp form of weight 2 and level N, and let u,v e 
0'^{Yi{N)(C)) be two modular units. We have 

r>2 \ 


( 5 ) 


L 


r]{u,v)Au:f='^ E 


Xi(iV)(C) 


"Qxp 


x^Ejv \ '^9xp 


V{u,v)\ff{x). 


Proof. — Let T be the standard fundamental domain of SL 2 (Z)\i 3 ; 

T |Re( 2 ;)| < | 2 ;| > 1}. 

Its boundary dT is the hyperbolic triangle with vertices p^,p, 00 . Dehne 

Fx{z)= f Uf\gx {x € En,z € S)). 

J 00 

We have 


L S f(hiu,v)AUf)\g, 
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Since ri(u,v) is closed, we have {ri{u,v) AUf)\gx = -d(Fx- (ri{u,v)\gx)) and Stokes’ formula gives 


( 6 ) 


JXi(N)(C) xeEjvl±l 

- E {f>r^r‘h 

xeEN/ilWP Jp ) 


{j]{u,v)\gx). 


The matrix T fixes cx) and maps to p. We have 


~Tz 


Fx{Tz)= / ujf\gx= / UflgxT = FxTiz). 


It follows that 


xeEjv/ 


X oo ^ oo 

Fx-{viu,v)\gx) = X! L Fx\T ■ {p(u,v)\gxT) 

x ^ Ejvlil-'P 

Fxt ■ {viu,v)\gxT) 

oo 

Fx-{viu,v)\gx). 


s L 

a;ei?]v/±l P 


xe_Ejv/±l ^ 


Hence (j^ simplifies to 


L 


Xi(N)(C) 


r F 

g{u,v)AUf= Y. / Fx-(g{u,v)\gx). 

xeEjv/±l 


Similarly, let us use the matrix a, which exchanges p and p^, as well as 0 and cx). Since 
Fx{az) 

Fxa {z) + 2Eif{x), we get 

rp^ rp rp 

/ Fx-{p{u,v)\gx)= I Fx^-{p{u,v)\gxa)+‘2Eif{x) I p{u,v)\gx. 

Jp J J p^ 

Summing over x and using the fact that ^f{xa) = -^f(x), we get 

L S f,viu,v)\gxa 

JXi(N){C) / xeEjv/±l -'P 

rp^ 

L O(a^) / Viu,v)\gx. 

rr I , -I J P 


xeEjv/±l 


□ 


Remark 16. — It can be shown that if {m,^} defines an element in i^ 2 (Wi(A^)(C)) ® Q, then 
the cycle ExeCjv ^(x) is closed. This follows from the fact that if yp denotes a 

small loop around a cusp P of Xi(A^)(C), then = 27rlog|9 p(m, n)|, where dp(u,v) 

denotes the tame symbol of {u,v} at P (see for example [231 §4, Lemma]). 


Definition 17. — Let / e S' 2 (ri(A^)) be a cusp form of weight 2 and level N. Consider the 
following relative cycle on Yi(iV)(C): 

7/:= E ifix){9xp,gxp^}- 

xeEpf 

Furthermore, let us define := |( 7 /-c* 7 /). 


Combining Theorem 11, Theorem 15 and Remark 14, we get the following result. 
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Theorem 18. — Let f e S 2 (Ti{N),'ip) be a newform of weight 2, level N and eharaeter tjj. 
For any even primitive Dirichlet eharaeter x • (Z/iVZ)'' C, with x ^ we have 

( 7 ) L(f,2)L{f,x,l) = fv(n^,Ui,0 = fn{nx,n*x)- 

We will also need an explicit expression of Xf terms of Manin symbols. For any / e 
S' 2 (ri(iV)) and any x = (u,v) e E^, let us define x'^ = {-u,v) and 

^/(^) = ^( 0 ( 2 ^)+ 0 ( 2 ^")) = + 

where f* denotes the cusp form with complex conjugate Fourier coefficients. 

Proposition 19. — Let f e S' 2 (Fi(iV)) be a eusp form of weight 2 and level N. The eyele Xf 
is closed, and its image in ifi(Xi(iV)(C), Z) can be expressed as follows: 

(8) 7/ = -^ E + 

xeEff 

Moreover, we have 

(9) 9'/ = "F E (^/(^) 

xeEjv 

Proof — Let us compute the boundary of Xf- Since (t(p) = and ff{xa) = -^f(x), we have 

•97/ = E - [9xP]) 

xeEpf 

= E ^fi^)i[9xcrP]-[9xP]) 

= -2 E ^f(^)[9xpl 

xeEpf 

Since r(p) = p and because of Manin’s relation if{x) + if^xr) + = 0, we get 

2 

^7/ = -x E iA^)(i9xp] + [9 XT P\ [fi'xT^p]) 

x<^EfQ 

= -| E iifi^) + ifi^^) + iA^^‘^))[9xp] = ^- 

xeEff 

On the other hand, we have 

7/= E ^f(^)({9xP,9xO<^} + {9xO<^,9xp‘^}) 

xeEjx 

= E ^f(x)i{9xp,gxOo} - E ^fix){gxO,gxp}) 

leSjv xeEff 

= 2 E ^f(.x){gxP,gxOo}- E 

xeEff xeEff 
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Using the matrix r, we get 

2 

7/=o E (ifi^){9xP,gxOo} + if{.XT){g^rP,9xTOo} + if{.XT'^){9xT^P,9xT^<>°}) - E ^/(^)^(^) 

x^En 

2 

= o E - E 

x^Eisr xiEi^ 

= ? E + ^/(xr2){^^oo,^^l}) - ^ ^j(x)^(x) 

x^Ejq xiEj^ 

= ? E (-^/(a^^)^(a^)+'^/(a^^^){£/xr20,C/^^2Oo})- ^ 0(X)^(X) 

xiEf^ xiEj^ 

= ? E (-o(^^)^(^)+o(^)^(^))- E 

x^Ejsi x^Eff 

= J E (^/(^)-20(®^))^(^)- 

x^Eff 

This gives ([^. The action of complex conjugation on 7 ^ is given by 

c*7/= E ^fi^){ci9xp),c{g^p‘^)} 

xeEff 

= E ^f(^){9x-p'^,9x-p} 

xeEff 

= - E if(^‘'){9xp,9xp‘^}- 

xeEpf 

It follows that 

7/= E Cf(x){g:,p,g,,p^}. 

xeEff 

Since the quantities satisfy the Manin relations, the same proof as above gives □ 


5. Proof of the main theorem 


( 10 ) 


Let us return to the case N = 13. Using Theorem 18 with f = tjj = e and y = we get 

137r2r(£^) 


Life,‘^)Lifs,e^,l) = ^ J h(w£3,Mg2). 


We are going to make explicit each term in this formula. Note that T(e^) = \/l3. 


Definition 20. — For any Dirichlet character : (Z/13Z)^ ^ C^, let us denote 'H{'ijj) (resp. 
1-L{glj)) the ' 0 -isotypical component of T-L^C (resp. T-L^C) with respect to the action of diamond 
operators {d)^, d € (Z/ldZ)*". For any 7 € H ® C, let 7 ^ denote its -^-isotypical component. 
Moreover, let us dehne ® C) n ?i('0) and T-L^igl^) = {H^ ® C) n 


Lemma 21. — Let ip = e or e. Then has dimension 1, and a generator is given by 

7E= E 

ae(Z/13Z)x 

7i :=?(!.-3)*-«1.3)* 

Moreover, we have lUi 37 ^ = '0(2)77. 

Proof. — The pairing (•,■) induces a perfect pairing 

H"(0)x,S2(Fi(13),0)^C. 
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Since S'2(ri(13),'0) is 1-dimensional, we get dimc'H=^('0) = 1. From the definition, it is clear 
that 7^ € and 7^ e Moreover, since 7^ = 73 , we have 7^ e 

Let us compute the boundary of 7 ^. For any u,v ^ (Z/13Z)^, we have d^{u,v) = P^- Py 
with Pd := ((i)(0). Moreover, for any x e we have 

= ^ E ^{d){d),i{x) = ^ Y. ^{d)i{dx). 

de(Z/13Z)x de(Z/13Z)x 

It follows that 


a6(Z/13Z)’< 

= 1^ E E ij{d)d^(d,da) 

ae(Z/13Z)x de(Z/13Z)x 

= A E E MmPi-Pj.) 

ae(Z/13Z)x de(Z/13Z)’< 

= ^ E 1 E £^(a)-£^^/’(a))^(d)-Pd = 0. 

de(Z/13Z)x \ae(Z/13Z)x / 

Hence 7 ^ e P+('0). By [T^ Lemme 5], the elements .^(1,0)’^, .^(1,2)'^, ,^(1,3)’^,(^(1,-3)^ form a 
basis of P(V’), and we can express 7 ^ in terms of this basis. This gives 

(11) 7; = (2 - 4 V^( 2 ))e(l, 2)^^ + e(l, 3 )^ + e(l, - 3 )’^. 

In particular 7 ^ and 7 ^ are nonzero, and thus they generate 

It remains to compute the action of hFis on 7 ^. In view of (11), it is enough to determine 
the action of hFis on ^(1,2) and ^(1,3). We have 

m«(i. 2 ) = {7,c»] = |7 1| + {1 o) + {o,oo} 


13' 


13'6 


6 ' 


= -e(0,-6) + e(l,-6)+e(0,l). 

Hence, using |19l Lemme 5] again, we get 

Wi3(e(l, 2)^) = -e(0, -6)^ + e(l, -6)^ + e(0,1)^ 

= (^(6)-1)^(1,0)^-^(6)^(1,2)^. 

Similarly, we find 

hFi3(e(l, 3)^^) = (^(4) - l)e(l, 0)^ - ^(4)e(l, -3)^ 

Wi3(e(i, -3)^) = (^(4) - i)e(i, 0)^ - ^(4)e(i, 3 )^. 

Since we know that HE 137 + is a multiple of yT, we deduce hFi 37 ^ = - '*/’(2)7^- 

Proposition 22. — We have L{f^,e^,l) = ^( 7 +,/g). 

Proof. — By [HI Thm 4.2.b)], we have 


□ 


LUe,e^l) = 


^/Ts 


X oo 




ae(Z/13Z) 


Let US compute the cycle 9 = Ea£(z/i 3 Z)x terms of Manin symbols. We have 


a£(Z/13Z)x 


Wam = (w„e)’= Y. £“(“)—.0 = E £='(ffl)«i.ffl)' = 7;. 


a£(Z/13Z)x 
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By Lemma 1^ it follows that 

( 0Je ) = { 0 ‘ J .) = (1^13(7;)./=) =£(2)(7.*, A). 

Proposition 23. — IL^e have 7 ^^ = , fe) ■ 7 ^ • 


□ 


Proof. — By Proposition we have 

1 




x<iEi3 


This sum involves 168 terms, but we may reduce it to 14 terms by considering the action of 
diamond operators. Let £ be the set of 2-tuples (0,1) and (l,n), v e Z/13Z. We have 

'yp = -l'Z E + ‘^CfS^XT))i{dx) 


xiS (ie(Z/13Z)’‘ 


1 


= “qE E iCfS^) + ‘2CfS^r))-e{d){d),f{x) 

^ x,e d,{zii3zr 

= -4 E(^/.(^) + 2C/^(a:r))e(x)L 


xiS 

A simple computation shows that the terms x = (0,1) and x = (1,0) cancel each other. Hence 

1 , 

V' 


77e = -4 E fe(l>'f^)+2£(^^)^7,(l,l + 7))-^(l,'t^)"- 

d6(Z/13Z)* 


Using m Lemme 5], we may express ^7^(l,i;), n ^ 0 in terms of ^ 7 ,( 1 ,2) and ^7^(1,3). We find 
7 _(l,-ti) = 7(l,!i) and 

7.(1.1) = 0 g.(l,4) = (l-a)7.(1.3) 

7(1.5) = (Ce- 1)(7(1.2) -7(1.3)) 7(1,6) = (Cs- 1)7(1.2). 

Moreover, also by m Lemme 5], the cycles .^(l,n)^, v 7 0, are linear combinations of .^(1,2)'^, 
.^(1,3)^ and .^(1,-3)^. Thus the same is true for But we know that 7 ^^ is a multiple of 
7 ^ = .^(1,3)^^ - '^(1, -3)*^. It is thus enough to compute the coefficient in front of .^(1,3)*^, which 
leads to the identity 

7 ). = (127(1.2) + (SCe -4)7(1.3)) - 7 ;. 

Using ( [II| ) with 1/1 = e, we get the proposition. □ 

Consider the modular units x = IUi 3 (h) and y = Wi^{H). 

Proposition 24 . — We have J^_y{x,y) = ^^^(1 + C6)r(£2) f^_r^(^u,3,u^2). 

Proof — Since h and H are supported in the cusps above 0 e Wo(13)(Q), it follows that x and 
y are supported in the cusps above cx) e A'o(13)(Q), namely the cusps {d)oo, d e {ZllSZYj ± 1 . 
The method of proof is simple : we decompose the divisors of x and y as linear combinations 
of Dirichlet characters. 

Let us write (ni n 2 ■■■ n^) for the divisor ’ {d)oo. By |141 p. 56], we have 

div(a;) = (O 1 1 -1 0 -l) 
div(|/) = (l - 111-1 - 1 ). 

The divisors of and %2 are given by [HI Prop 5.4]. We have 


dlv(M£3) =--(1 


TT^ 


-111-1 -i) = -l^div(7 


132 
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Since the divisor of x is invariant under the diamond operator (5), it is a linear combination of 
div(Mg 2 ) and div(% 2 ). We find explicitly 

div(ii£2) div(%2) \ 


div(x) = 


-L(£2,2)/7r2 L(£^2)/7r2- 


13, 


= j^((2 - div(Ms2) + (1 + C6)r(£^) div(M^2)). 

Here we have used the classical formula |9l (1.80) and (3.87)] 

L(x,2) r(x)^i_, 


TT^ 


N 




where y is an even non-trivial Dirichlet character modulo iV, and B 2 {x) = x'^ - x + ^ is the 
second Bernoulli polynomial. 

Considering and %2 as elements of (!l*(Yi(13)(C)) 0 C and following the notations of 
B (65)], we have u^s^oo) = m- 2 (cx)) = 1 by [ 8 l Prop. 5.3]. Moreover, looking at the behaviour 
of X and i/ at cx), we find x(oo) = 1 and y{oo) = -1. Hence a: ® 1 can be expressed as a linear 
combination of u ^2 and %2 in (!l’"(Yi(13)(C)) 0 C, while i/ ® 1 is proportional to u^s. Thus 

132 ]^3 

y) = ■ 12 " Ce)T{£^)v{ue2,u,3) + (1 + C6)T{£^)viu^2,u,3)). 

Since the differential form rj{ue2,Ue3) has character £, we have j rj{ue2,u^3) = 0, and the 
proposition follows. 


□ 


Proof of Theorem — Combining (|Io| with Propositions we get 


( 12 ) 


L(fe,2) = 


71 1 -Ce 


5/13 r(£ 2 ) J^_ 


/ V{x,y). 


Formula (12) simplifies if we use the functional equation of ^(/e, s). Recall that hFi 3 (/e) = wfe- 
Let A(f,s) ■■= 13^/2(27r)“^r(s)L(/, s). Then the functional equation of L{f^,s) reads 


Using ([^, we deduce that 


A{fe,s) = -wA{fe,2-s). 


i(/..2)~(4-3C6)T(£)L'(A,0), 


Replacing in (12) and using T(e'^)T(e) = (4^6 - 3)'/l3, we get 

f _v{^,v) =4ir(C6- l)i'(/,,0). 


(13) 


Taking complex conjugation, and since r]{x^y) = ri{x,y), we obtain 


(14) 


f =-4vrC6^'(/£,0). 


We have a direct sum decomposition TL 0 C = TL (e) ® TL (e). Write 73 = 7 f + 7 |. Then 
74 = ( 2),^73 = £( 2 ) 7 ! + £( 2 ) 7 |. By Proposition]^ we deduce 

fUi37P = 74 - 73 = (Ce - 1)73 + (Ce - 1)73 = (Ce - 1)7C + (Ce - 1)7C- 


By (13) and (14), we then have 

/ V{x, y) = (Ce - 1) / y) + (Ce " 1) / y) 

JWi2,'yp J'lr 


= 47r(L'(/„0)+L'(/„0)). 
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By Proposition we conclude that 

1 


m{P) = — f ri{h,H) = — f ri{x,y) = 2L'{f,0) 

2ilT 2ilT w/Vl^i3'yp 


□ 

Remark 25. — There may have been a quicker way to proceed. Starting from Theorem [T^ 
in the particular case N = 13, probably all we need is a symplectic basis of iPi(Xi(13)(C), Z) 
with respect to the intersection pairing (see the formula |4l A.2.5]). But this is less canonical 
than Theorem [m 


Remark 26. — Another way of proving Theorem would be to use the main formula of [25]. 
We have not worked out the details of this computation. 


Question 21. — Let g = /|(2) = + C&h- Then {f,g) is a basis of the space S'2(ri(13), Q) 

of cusp forms with rational Fourier coefficients. Is there a polynomial Q e Z[x,?/] such that 
m{Q) is proportional to L'{g,0)7 


6. Examples in higher level 


We note that the functions H and h used in the proof of Theorem are modular units on 
Ai(13) and that P is their minimal polynomial. There is a similar story for the modular curve 
Ai(ll) [T] Cor 3.3] and we may try to generalize this phenomenon. 

Let A^ > 1 be an integer, and let u and v be two modular units on Xi(A^). Let P e C[x, y\ be 
an irreducible polynomial such that P{u,v) = 0. Then the map z (u(z),v(z)) is a modular 
parametrization of the curve Cp : P(x,y) = 0 and we have a natural map Vi(iV) ->■ Cp. 
Assuming P satishes Deninger’s conditions, we may express m{P) in terms of the integral of 
g{u,v) over a (non necessarily closed) cycle yp. 

The most favourable case is when the curve Cp intersects the torus = {|a;| = \y\ = 1} only 
at cusps. In this case yp is a modular symbol and we may use [25] to compute f^^g{u,v) in 
terms of special values of L-functions. 

In this section, we work out this idea for some examples of increasing complexity. We work 
with the modular units provided by [24] . These modular units are supported on the cusps 
above cx) € Xo(N), so that [8l Prop 6.1] implies that P is automatically tempered. 

In all examples below, we found that yp can be written as the sum of a closed path yo and a 
path yi joining cusps. The integral of ri(u,v) over yi can be computed using [251 Thm 1]. The 
integral of ri{u,v) over yo can be dealt with using either [251 Thm 1] or the explicit version 
of Beilinson’s theorem - we have not carried out the details of the computation. So in order 
to establish the identities below rigorously, it only remains to express yo in terms of modular 
symbols and to compute J^^ri{u,v) using the tools explained above. 

It would be interesting to understand when the identities obtained involve cusp forms (like 


(15)), are of Dirichlet type (like (16)), or of mixed type (like (17)). In the general case, it would 
be also interesting to hnd conditions on the modular units u and v so that the boundary of yp 
consists of cusps or other interesting points. 
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6.1. N = 16. — The modular curve Xi(16) has geuus 2 aud has beeu studied iu |16] . Let u 
aud V be the followiug modular uuits: 

u=q n (1-9")/ n (1-9") 

n>l n>l 

n=±l,±5(16) n=±3,±7(16) 

v = q n (1-9")/ n (1-9")- 

n>l n>l 

n=±14(16) n=±10(16) 

Their miuimal polyuomial is giveu by 

-Pi6 = y - X - xy - xy^ + x^y + xy^. 

This polyuomial vauishes ou the torus at the poiuts (x,y) = (1,1), (l,±z), (-1,-1), but the 
Deuiuger cycle is closed. So we may expect that tji^Piq) is equal to L'(/, 0) for some cusp 
form / of level 16 with ratioual coefficieuts. ludeed, we hud uumerically 

(15) m(Pi6) = L'(/,0) 

where / is the trace of the uuique uewform of weight 2 aud level 16, haviug coefficieuts iu Z[i]. 


6.2. N = 18. — The modular curve Xi(18) has geuus 2 aud has beeu studied iu |13] . It has 
3 cusps above oo, so we may form esseutially two modular uuits supported ou these cusps. Let 
u aud V be the followiug modular uuits: 


u = q^ n 

(1-9")/ 

n 

(1-9") 

n>l 


n>l 


n=±l,±2(18) 

n= 

=±7,±8(18) 


v=q^ n 

(1-9”)/ 

n 

(1-9") 


n>l n>l 

n=±l,±4(18) n=±5,±8(18) 


Their miuimal polyuomial is giveu by 

Fi8 = -x^ + y^ + xy"^ - x‘^y + x^y"^ - x^y"^. 


This polyuomial vauishes ou the torus at the poiuts (x,y) = (1,±1), (-1,±1), (CeXe) aud 

(Ce ,C6) with (q = The poiuts (Cl^Ce) aud (Ce ,C6) correspoud respectively to the cusps 

I aud -|, aud the Deuiuger cycle yp^g is giveu by yo + {-|, ^}, where yo is a closed cycle. Usiug 
[25[ Thm 1], we hud 



1 

Itt 


UP 2) 


where P is a modular form of weight 2 aud level (at most) 18^. Actually F has level 18 aud 
|25[ Thm 1] simplihes if we use the fuuctioual equatiou L(P, 2) = -^L'(Wi8F,0). Iu fact [251 
Lemma 2] guarautees that Wi^F will be a modular form with integral Fourier coefficieuts. Iu 
this case, we hud 


WisF = -36P| 


where = E7=i(Sd|n'^)'0(^)9” is au Eiseusteiu series of level 9, aud V’ • (Z/3Z)'' {±1} is the 

uuique Dirichlet character of couductor 3. Siuce L(P|',s) = s)L{'ip, s - 1), we may expect 
that m(Pi8) iuvolves L-values of Dirichlet characters. ludeed, we hud uumerically 


m(Pi8) = 2L'(^,-l). 


(16) 
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6.3. N = 25. — The modular curve Xi(25) has genus 12 and the quotient X = Xi(25)/(7) 
has genus 4. The curve X and its modular units have been studied by Lecacheux |15j and 
Darmon Hi. Consider the following modular units: 

u=q n ( 1 -?”)/ n ( 1 -^") 

n> 1 n>1 

n=±3,±4(25) n=±2,±11(25) 

n (1-9")/ n (1-9”)- 

n>l n>l 

n=±9,±12(25) n=±6,±8(25) 

Their minimal polynomial is given by 

-P 25 = + {y^ + y‘^)x^ + (3i/^ - 2 /^ - 2y)x^ + - Ay"^ + y - l)x - y^. 

This polynomial vanishes on the torus at the points {x,y) = -() for each primitive 5-th root 

of unity These points are cusps: letting ^5 = we have 

u{l/b) = cl = -k( 1/5) «(-1/5) = G" = -«(-l/5) 

t.(2/5) = & = -*>(2/5) «(-2/5) = Cs' = -k(-2/5). 

The Deninger cycle associated to P 25 is given by = 70 + 7 i where 70 is a closed cycle and 
71 = {i, - 1 } + {-I !}• Using m Thm 1 ], we get 

= ^U(F,2) 

where F is a modular form of weight 2 and level 25. This time F is a linear combination of 
newforms and Eisenstein series. Let e : (Z/25Z)’' ^ be the unique Dirichlet character such 
that e{ 2 ) = ( 5 . A basis of eigenforms of ® C is given by newforms {fa)a£{zi 5 zy having 

Fourier coefficients in Q(C 5 ) and forming a single Galois orbit. The newform fa has character 
and for any a e Gal(Q(C 5 )/Q), we have <j{fa) = fx(o-)a where y is the cyclotomic character. 
Moreover, let if : (Z/5Z)^ be the Dirichlet character dehned by if (2) = i. Then 14^25-^ has 

integral coefficients and is given by 

fT 25 F = -10TrQ(^,)/Q(A/i) - 25(1 + - 25(1 - i)Ef^ 

where A = 2^5 + ^5 ^ + 2Q‘^ and Ep'^ is the Eisenstein series dehned by 

_ 00 

^ mif{rri)if{n)q^'^. 

m,n=l 

We may therefore expect being a linear combination of L'{if, -1), L'{if, -1) and L'{f, 0), 

where / is a cusp form with rational Fourier coefficients. Indeed, we hnd numerically 

7 1 + 2 ? — 1 - 2 ? 

(17) m(F25) = F(/, 0) + —L'iif, -1) + —L'{if, -1) 

where 

/ = - Tr((2 + Cs + 2 C 5 ^)/i) = q + q^ - q^ - q^ - - 2g® + 3g^° + + 0(q^‘^). 
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